Understanding random lasing is a formidable theoretical challenge. Unlike conventional lasers, random lasers have no resonator to trap light, they are highly multimode with potentially strong modal interactions and they are based on disordered gain media, where photons undergo random multiple scattering [1] [2] [3] . Interference effects notoriously modify the propagation of waves in such random media, but their fate in the presence of nonlinearity and interactions is poorly understood.
Wave interference effects influence a broad range of physical processes in wave propagation through random media [7, 8] , ranging from the time-evolution of ocean waves and the transmission of light through interstellar clouds, down to the dynamics of individual electrons in nano-electronic circuits and the transmission of photons through imperfect optical fibers and other waveguides. They generate a rich variety of wave-interference phenomena such as Anderson localization [4, 5] and coherent backscattering [9] [10] [11] , as well as effects of higher-order coherence such as quantum noise and particle bunching or anti-bunching [12] .
For linear wave equations and noninteracting fields, these effects are well understood [8] , however little is known of the influence that nonlinearities and interactions have on coherent wave interference effects. In random lasers, confinement of light within an amplifying media is achieved via multiple scattering [1] [2] [3] and one thus expects important wave-interference effects to be present. The mechanism behind the observed spectral narrowing has been and still is a matter of debate, with most theoretical proposals constructing lasing modes from modes of the passive cavity trapped by scattering, be they Anderson localized modes in the strong scattering regime [13, 14] or anomalously trapped modes in the weak scattering regime [15] . Numerical calculations suggest that lasing in weakly scattering random lasers can be supported by extended diffusive modes [16, 17] . Recent experiments have observed delocalized lasing modes in weakly scattering random lasers [18, 19] , while lasing modes were significantly less extended for stronger scattering [20] , with some evidence for modedependent localization lengths [21] . The Anderson localized regime has been probed in few experiments, where the spatial extent of lasing modes could not be directly accessed [22] .
Because random lasers mostly operate in the multiple scattering, multi-mode regime, they are perfect testbeds to investigate effects of wave coherence in the presence of nonlinearities and interactions. With the exception of Ref. [17] , theoretical and numerical investigations of the localization properties of lasing modes rely on calculations of the total electromagnetic field inside the amplifying medium. There is still very little understanding of the localization properties of individual lasing modes, how they are influenced by the infinite-order nonlinearity arising from spatial-hole burning and by the resulting modal interactions. Of particular interest is to find out if, above lasing threshold, modal interactions change the localization length in an Anderson localized passive cavity. The influence of modal interactions usually becomes more and more pronounced as more modes start to lase, thus it is expectable that lasing modes differ more and more from passive cavity modes as the pump strength increases.
We focus on the interplay between Anderson localization and nonlinearities in a multimode random laser, which we take as a photon-scattering gain medium region surrounded by vacuum. Below threshold, the system is linear and we assume the gain medium to be strongly scattering, so that the modes of the passive cavity are exponentially localized over a localization length ξ much smaller than the cavity's linear size, ξ L. This simultaneously means that modes are long-lived, with a mean lifetime τ ξ (ξ/c) exp[L/ξ] and low lasing thresholds when they are localized deep enough inside the cavity [23] . Our goal is to understand how lasing modes individually differ from passive cavity modes. To that end we adopt the method of Ref. [6] (see Supplementary Information), where the electric field is expanded augmented by wavefunction correlations in the Anderson localized regime [24] , provides a straightforward analytical understanding of the suppression of modal interactions: a singlepole approximation is rigorously justified, even in the multi-mode regime, because of the exponentially small broadening of localized modes and their exponentially small coupling to only an algebraic number of CF modes. The absence of modal interaction we predict is totally unexpected: a similar system, with the same gain medium and cavity shape and size, but without or with little scattering standardly exhibits strong mode competition, with in particular shifts in mode frequencies and the disappearance (and possible re-appearance) of certain modes as the pump strength increases [17] . Modal interactions are turned on once CF modes are broadened, which can occur either at weaker disorder when their localization length increases, or when their lifetime is limited by photon absorption. The linear noninteracting behavior of lasing modes we predict is the trademark of Anderson localization in random lasers, and we propose to monitor lasing frequencies as a function of pump strength to detect Anderson localization in experiments on random lasers.
As starting point we take the Maxwell-Bloch equations (MBE), a set of three coupled nonlinear equations for the electric field, the polarization and the population inversion in the gain medium [25] (see Supplementary Information). For simplicity we consider either a one-dimensional system or a two-dimensional system with electromagnetic field transverse electric with polarization perpendicular to the gain medium, or transverse magnetic. In those instances, it is sufficient to consider scalar fields. To find steady-state solutions, Ref. [6] first writes both the polarization and the electric field in a multiperiodic expansion. Further imposing the rotating wave and stationary inversion approximations, one obtains a set of self-consistent equations
for the vector a µ = (a 
of the lasing modes Ψ µ (x, k µ ) over M µ elements of a truncated basis of CF modes
. When N modes are lasing, M ≥ N , and in the Anderson localized regime, we will see that the structure of the threshold matrix T is such that M µ = 1 for each lasing state. In Eq. (1), D 0 gives the overall pump strength, which we define as the population inversion density of the active medium. The threshold matrix T ≡ ΛT is the product of a diagonal and a non-diagonal matrix,
with the pump profile F (x), the speed of light c, the atomic frequency ω 0 of the two-level active medium and the polarization relaxation rate γ ⊥ . The integral runs over the volume C (length in dimension d = 1, area in d = 2) of the gain medium. Nonlinearities arise from the hole burning denominator
where the sum runs over all lasing modes and
The lasing modes are self-consistently determined by the nonlinear eigenvalue problem of Eq. (1). Solutions exist only for discrete real values of k µ , giving the lasing frequencies Ω µ = ck µ . The wavenumber of the CF modes k mµ = k mµ + iκ mµ , with k mµ , κ mµ ∈ R, are complex because of the openness of the cavity, κ −1 mµ = cτ mµ with the lifetime τ mµ . The presence of modal interactions is reflected in the structure of the lasing modes, e.g. the number M µ of CF states significantly contributing to a single lasing mode in the expansion of Eq. (2) . If the expansion is dominated by a single component, the lasing mode resembles a noninteracting CF mode, however if the expansion runs over many nonvanishing components, the lasing mode is in general very different from noninteracting CF states, signaling the onset of modal interactions. We next proceed to show that M µ 1 in the strongly localized regime, by analyzing the structure of the threshold matrix T = ΛT .
In the Supplementary Information, we argue that matrix elements T mn are non-zero only when CF states ψ m and ψ n are centered within one localization length of one another.
Furthermore, the nonvanishing matrix elements fluctuate pseudo-randomly as a function of the indices (m, n). In the Anderson localized regime, most CF modes are long-lived, 
At this level, one has
Leading-order corrections are obtained with the approximation
From Eqs. (5) and (6), we conclude that corrections to the single-pole approximation are negligible when
with Λ mn and T mn defined in Eqs. (3) . We next analyze the conditions under which Eq. (7) is satisfied.
In order for T m 0 n T nm 0 not to vanish, the CF states m 0 and n must have their support within one localization length. At energy ck µ they must thus differ in energy by at least the CF mode spacing within one localization volume [24] , in our case (7), and thus
Next, averages T m 0 n T nm 0 of product of matrix elements of T can be evaluated, under the assumption that CF states are sufficiently close to localized modes of a disordered closed system. This assumption is satisfied when ξ L. We obtain (see Supplementary
it can also be shown that fluctuations of Ξ are also exponentially small,
gives an exponentially small upper bound for corrections to the single-pole approximation, both for d = 1 (ξ = ) and for d = 2 when ξ is not exponentially larger than the wavelength 2π/k µ . We conclude that the condition expressed in Eq. (7) is satisfied and that a singlepole approximation is justified in the Anderson localized regime. Accordingly, we propose that the criteria for the absence of interactions in random lasers are ξ
While we expect that the d = 3 criterion is the same as in two dimensions, we recall that an analysis of the MBE for vector fields is required in this case.
Corrections to the single-pole approximation become non-negligible when the mode lifetime becomes shorter. We briefly discuss two cases when this happens. First, in the Anderson localized regime, CF modes have an exponentially long lifetime, but their broadening can be limited by photon absorption. This can be included in the above estimate via the substi-
and corrections to the single-pole approximations become of the order Ξ ∼ f (k µ ξ)/(k µ cτ abs ).
We conclude that photon absorption turns on modal interactions in the localized regime, when it reduces the mode lifetime such that τ abs f (k µ ξ) k µ c. 
Prelocalized states exist in such systems [15] , whose lifetimes are long enough, τ preloc /∆ L that deviations from the single-pole approximation are still negligible if
Ref. [17] on the other hand suggests that lasing in diffusive random lasers can be supported by standard generic diffusive modes. The lifetime of such modes can be estimated by the classical diffusion time τ D = L 2 /c through the system, and the dimensionless measure of corrections to the single-pole approximation becomes
This agrees with the observed strong modal interactions reported in Ref. [17] for a diffusive laser with k µ 1.
We caution however that our estimates all rely on the assumption that CF modes have the same wavefunction correlations as modes of closed, nonabsorbing Anderson localized systems. This is no longer true in the weakly scattering, delocalized regime.
We numerically check our theoretical predictions. 
which estimates the spatial extent of a wavefunction regardless of its overall normalization.
For an exponentially localized mode
In Fig. 1 we show a typical set of data for lasing modes in the strongly disordered, nor their spatial extent (Fig. 1a) . This is even more remarkable, given that several modes strongly overlap either spatially (for instance the red and brown modes) or in frequency.
Only the modal emission power increases with pump strength, with a linear dependence on D 0 that is reached quickly after threshold for each lasing mode. This is what is expected for noninteracting modes, given that D 0 gives the inversion density of the active medium and is not bound in our approach. Incorporating a finite maximal density in our model would lead to mode saturation, but would also limit the number of lasing modes and thus constrain our investigations of mode interactions.
We investigate more quantitatively the evolution with pumping of the spatial mode structure. We show in Fig. 2 Enhanced pumping only increased their overall magnitude by a mode-dependent factor. to the red curves in Fig. 1 ), which strongly overlaps with the brown mode starting to lase at
Having confirmed our prediction that modal interactions are frozen in the Anderson localized regime, we finally illustrate how they are turned on when the lifetime of the passive cavity modes is reduced. To achieve this, we first add some absorption in the cavity via a finite imaginary part of the index of refraction. We show in Fig. 4a and b data for the same cavity as in Fig. 1 , where however the index of refraction acquires a finite imaginary part, Im[n] = 0.15. We see that modal interactions are turned on as inverse participation ratios and modal emission power vary significantly with the pump strength. We also found, but do not show, that the lasing frequencies and the centers of mass of the modes vary with the pump strength. We finally corroborate our prediction that modal interactions are turned on in the delocalized regime by simulations of cleaner cavities in Fig. 4c and d.
We first observe that less modes lase, which we attribute to the presence of stronger mode interactions. The presence of strong interactions is further confirmed by the appearance and disappearance of a lasing mode (blue curves) as the pump increases. Such switching on and off of lasing modes with increasing pump strength have been reported in two-dimensional weakly disordered cavities [17] , where they were due to frequency repulsion. This is not the mechanism at work here, as we found that the blue mode in Fig. 4c 
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I. STEADY-STATE AB INITIO LASER THEORY
We give a brief overview of the theory developed by Türeci et al. [S1] for steady-state multi-mode lasing. Its starting point is the semiclassical theory of lasing, where the electromagnetic field is described by the classical Maxwell's equations, and is coupled to the quantum mechanically described polarization of the gain medium. We take the latter to be a collection of two-level atoms. The result is a system of three nonlinear coupled partial differential equations [S2]
We restrict ourselves to one-dimensional or two-dimensional transverse polarization and accordingly consider only scalar field. In Eqs. (S1), the population inversion D(x, t) generates, in the presence of an electric field E(x, t), a nonlinear polarization P (x, t) of the atomic medium, which in its turn, is coupled to D through E. Here, ω 0 gives the spacing of the atomic levels, γ their relaxation rate and γ ⊥ the relaxation rate for the polarization, D(x)
is the pump strength and n(x) is the cavity's index of refraction, related to the dielectric function by = n 2 . Finally, the dipole matrix element g couples the electric field with the population inversion, and we used the standard procedure of writing the electric field and polarization in terms of their positive and negative frequency components, P = P + + P − , The set of Eqs. (S1), augmented by appropriate boundary conditions, describe nonlinear lasing. They cannot be solved exactly, and the standard procedure is to time-evolve them numerically long enough to find their steady-state solution. SALT is an alternative which determines steady-state solutions of Eqs. (S1) with a much lesser computational price to pay.
This of course assumes that steady-state solutions exist. We take them as multiperiodic, i.e.
expand the fields E + and P
over lasing modes, µ = 1, 2, ...N . SALT then uses the stationary inversion approximation, ∂ t D = 0, to determine the components Ψ µ of the expansion as solutions of a self-consistent equation,
where we parametrized the pump using a volume unit
splitting it into an overall dimensionless scale D 0 and the spatial modulation F (x), with max x F (x) = 1. The non-linearity source (the total weighted electric field intensity, or the hole burning denominator) is
with the Lorentzian weight factors
, and electric intensity units
Lasing theories usually construct lasing modes from resonances or quasiresonances of the corresponding (nonlasing) cold cavity. The latter are however non-normalizable outside the cavity, so that neither the modal power nor the relative weight of individual lasing modes can be extracted. SALT instead expands
, over a basis of so-called constant-flux ψ m states which are defined by
with the domain C defining the amplifying medium, n 0 the index of refraction outside and a requirement of containing only outgoing waves at infinity. The latter requirement, together with Eq. (S5b) can be recast as a condition on the constant flux state at the boundary of a d-sphere enclosing the resonator (∂ ⊥ is the normal derivative at the surface of that sphere, d is the system's dimension)
As a consequence of this non-trivial boundary condition, the CF basis is not orthogonal in the usual sense. Instead, the following bi-orthogonality relation holds, 
Here T is the threshold matrix, which depends on the set of vectors {a µ } N µ=1 , and which was split into the following two parts
To calculate the modal power of the lasing state µ, we use a formula derived in Ref. [S3] .
With our notation, it reads in d = 1 dimension
where 0 is the vacuum permeability, and S is the cavity transversal cross-section. In the main text, we plot the modal power in dimensionless units, P µ /(2 0 E 2 0 ω µ Sl), with l = 53 nm. The microcavity we model in our numerics is depicted in Fig. S1 . It is closed on the left end, open on the right end, and pumped uniformly, F (x) = 1. In our numerics, we vary the degree of disorder in the refractive index, both in its strength and correlation length χ.
The disorder sets the CF states localization length ξ. Typical values in our simulations are ξ ∼ 100 − 1000 nm, λ ∼ 50 − 110 nm, and χ = 8 nm, so that ξ λ χ. Here λ = 2π/n 0 k 0 is the wavelength of a freely propagating light wave in a material with a constant index of refraction, n(x) = n 0 . delocalize (its weight grows in the right half of the cavity). This growth is stopped as soon as other modes are turned on in that part of the space and the plotted mode mainly tends to localize more with enlarging the pump. The opposite behavior towards a weaker localization, is visible on Fig. S2b for another mode. These two examples suggest that there is no generic trend, and that both localization and delocalization may occur as the consequence of modal interactions.
III. STRUCTURE OF THE THRESHOLD MATRIX
The matrix elements of T mn given in Eq. (S9b) are given by the pump profile, the spatial hole burning denominator and CF wavefunctions. We analyze these matrix elements, neglecting correlations between h(x) and ψ *
We evaluate averages T mn and correlations T mn T pq of these matrix elements over an ensemble of cavities characterized by the same disorder strength and correlation length, i.e. the same localization length, but with different microscopic realization of the disorder (we assume that the pump profile F (x) does not change from one disorder realization to the other). In the Anderson localized regime, CF states located deep enough inside the cavity are longlived and therefore do not differ much from localized eigenmodes of closed systems. We thus assume that they have the same statistical properties as closed cavity modes. Following
Ref. [S5] , we decompose d = 1 localized wavefunctions as
in terms of an exponential envelope and a real pseudo-random function φ m (x) which remains correlated on the scale of the elastic mean free path ,
where we used the fact that = ξ for d = 1.
In the Anderson localized regime, the correlation functions we need are 
when they are centered away from one another.
From Eq. (S12a), we first conclude that only diagonal matrix elements T mm have finite average,
Unless one specifies F (x) and h(x), this is all one can say.
We next evaluate var T mn . From Eq. (S12b) one has
The integral vanishes, unless |x m − x n | ξ, and we substitute x n → x m in Eq. (S15). The exponential exp[−|x − x |/ξ] in the integrand in Eq. (S15) only leads to a prefactor of order, but smaller than one, since the other exponentials already enforce that x and x are within a localization length away from one another. We obtain the estimate
for overlapping modes m and n. Note that T mm > 0 always holds.
We next give an upper bound for the average of
where corrections to the single-pole approximation are justified when |Ξ| 1 [see Eq. (7) in the main text]. We first note that T mn = T nm and thus
We calculate
where we used the completeness relation n ψ n (x)ψ n (x ) = δ(x − x )/n 2 (x). We therefore
In the Anderson localized regime, the first factor on the right-hand side is exponentially given in Eq. (S11). This is most easily seen, under the assumption that the pump profile F (x) = F 0 is constant over the volume of the sample, which requires in particular the active medium to be homogeneous on the scale of the mode wavelength. When this is the case, we obtain dx
so that dx
We expect this bound to still hold for smoothly fluctuating F (x). We conclude that |Ξ| is bound from above as |Ξ| exp[−L/ξ], up to algebraic corrections.
This exponentially small upper bound on the average value |Ξ| does not rule out that Ξ is large for some disorder realizations. We therefore investigate fluctuations of Ξ. We obtain We close this paragraph with three comments. First, we recall that the infinite order nonlinearity arising from h(x) generates higher order correlators such as
M , which the above treatment neglects, and which can be expected to be large for lasing modes.
Second, Ref. [S6] points out that pairs (ψ m , ψ n ) of quasi-degenerate localized wavefunctions exist that are spatially separated by more than ξ. Because of their quasi-degeneracy, even and odd superpositions ψ ± = (ψ m ± ψ n )/ √ 2 are quasi-eigenmodes. They give rise to (i) a slower decay of the correlator in Eq. (S12b) at small frequency difference c(k mµ − k nµ ) and (ii) a negative dip in the correlation function of Eq. (S12b) a distance Third, we finally stress that from their very nature, all above estimates are parametric in essence, in that they can be multiplied by numerical prefactors of order one, depending on the exact form of F (x).
